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Abstract
It is conjectured that the an entanglement output states from a beam splitter
requires the non-classicality in the input state(M.S. Kim, W. Son, V. Buzek
and P. L. Knight, Phys. Rev. A, 65, 032323(2002)). Here we give a proof for
this conjecture.
The beam splitter is one of the few quantum devices that may act as the entangler. The
entangler properties of a beam splitter have been studied in the past [1–4]. In particular,
Kim et al [4] studied the entangler property with many different input states such as the Fock
number state, the coherent state, the squeezed state and the mixed states in Gaussian form.
It is conjectured there that, to obtain the entangled output state, a necessary condition
is that the input state should be non-classical. Unfortunately, there is no proof for this
conjecture. In this paper, we give a very simple proof for this conjecture.
Consider a loseless beam splitter(see figure 1). We can distinguish the field mode a and
mode b by the different propagating direction. Most generally, the property of a beam
splitter operator Bˆ in Schrodinger picture can be summarized by the following equations
ρout = BˆρinBˆ
−1, (1)


















cos θeiφ0 sin θeiφ1
− sin θe−iφ1 cos θe−iφ0

 (4)
Bˆj00i = j00i. (5)
Here ρin and ρout are the density operator for the input and output states respectively. Both
of them are two mode states including mode a and mode b. The elements in the matrix MB
are determined by the beam splitter itself, aˆ, bˆ are the annihilation operators for each mode
a and mode b respective, j00i is the vacuum state for both mode. Equation (5) is due to the
simple fact of no input no output. Without any loss of generality, we can express ρin by the








b)jαa, αbihαa, αbjd2αad2αb, (6)
where jαa, αbi is the coherent state in two mode Fock space, i.e.
jαa, αbi = Dˆab(αa, αb)j00i (7)
and
Dˆab(αa, αb) = e
aˆ†αa−aˆα∗a+bˆ†αb−bˆα∗b . (8)




b) must be non-








b)Bˆjαa, αbihαa, αbjBˆ−1d2αad2αb (9)









−1  Bˆj00ih00jBˆ−1  BˆDˆabBˆy. (10)
2
From equation(5) we know that Bˆj00ih00jBˆ−1 = j00ih00j. By equation(3) we can see that
BˆDˆab(αa, αb)Bˆ






b) = (αa, αb)MB. (12)
In short, the following equatoin can be easily obtained by equation(3,4,5 )
Bˆjαa, αbihαa, αbjBˆ−1 = jα0a, α0bihα0a, α0bj (13)








b)jα0a, α0bihα0a, α0bjd2α0ad2α0b. (14)




P 0(αa, αb, αa, α

b)jαa, αbihαa, αbjd2αad2αb (15)
and
P 0(αa, αb, αa, α
























b) is non-negative, functional P
0(αa, αb, αa, α

b) must be also non-
negative. By the definition of separability, state ρout defined by equation(15) must be sepa-
rable. Therefore we have the following theorem:
Theorem: If the input state is a classical state, the output state of a beam splitter must be
a separable state.
This is equivalent to say, in order to obtain an entangled output state, the non-classicality of
the input state is a necessary condition. This theorem can be extended to the general case
3
of multimode state and rotation. Let’s consider the rotation operator Rˆ in n-mode Fock
space. We have
RˆΛRˆ−1 = MRΛT , (18)
where Λ = (cˆ1, cˆ2    cˆn)T , cˆi are the annihilation operators of the i0th mode and MR is a
n−dimensional unitary matrix. By using the BCH formula as
eµνe−µ = ν + [µ, ν] +
1
2!
[µ, [µ, ν]] +    (19)






Therefore we know that
Rˆj00   0i = j00   0i. (21)






where jαi = jα1α2   αni and P(α, α) is a non-negative functional. Similar to the two






P0(α, α) = P(α00, α
′′) (24)
and
(α00) = (α)  M−1R . (25)
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Obviously, the funtional P0(α, α) is non-negative. Thus we draw the following conclusion
in the multimode Fock space: A classical density operator in the multimode Fock space is
separable under arbitrary rotation.
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FIG. 1. A schematic diagram for the beamsplitter operation. Both the input and the output
are two mode states. The different mode is distinguished by the propagating direction of the field.
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